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Robust Adaptive Control of Store Release Event
for Wings with External Stores

Prasad V. N. Gade¤ and Daniel J. Inman†

Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

An adaptive control algorithm is numerically implemented to examine the effectiveness of an online estimation/
control scheme for stabilizing the store release of a military aircraft. The adaptive law is based on a gradient
method used for parameter estimation and is modi� ed with the algorithms of leakage and dynamic normalization
to robustify the adaptation.A linear quadratic control law based on a Luenberger observer is then used to close the
loop. An active method of decoupling the wing from store pitch inertia effects for the wing/store � utter suppression
problem is proposed. The proposed active decoupler pylon involves the use of a piezoceramic wafer strut as an
actuator, which acts as a soft spring between the wing and the store. A two-degree-of-freedom typical section of
an airfoil is used to represent the structural model of an F-16 aircraft wing, and the � utter problem is studied in
incompressible � ow regime, where the circulatory component of the aeroloads is modeled using Jones’ approx-
imation to the Theodorsen function. The aerodynamic effects on the store are, however, neglected to make the
analysis simple. This study demonstrated the effectiveness of the proposed adaptive control strategy in improving
the performance and robustness to sudden variation in store mass, a realistic situation representing the dropping
of underwing bombs.

Nomenclature
ab = distance between elastic center and midchord
b = semichord length
h = plunge displacement
i =

p
¡1

`1b = distance between top of strut to elastic center
`2b = distance between pivot point to elastic center
ma = mass per unit length of the piezoceramic wafer actuator
ms = mass of the store
mw = mass of the wing
r®b = radius of gyration of airfoil about elastic center
rµ b = radius of gyration of pylon/store about pivot point
s = Laplace variable
Ns = reduced frequency, bs=U
U = freestream velocity
u = actuator output (restoring moment to the store)
x®b = distance between elastic center and c.g. of wing
xµ b = distance between c.g. of store to pivot point
x1; x2 = aerodynamic lag states
® = pitch angle of airfoil
1m = multiplicativeuncertainty transfer function
µ = pitch angle of store relative to airfoil
½ = density of air
¿ = nondimensional time, Ut=b
!h = uncoupled wing bending frequency
!® = uncoupled wing torsional frequency
!µ = uncoupled store pitch frequency

Introduction

M ILITARY aircraft are required to carry several combinations
of under-wingexternal stores to accomplisha variety of mis-

sions. Rigid mounting of these stores causes the coupling between
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the � rst torsional mode and fundamental bending frequency of the
wing to occur sooner than for the case of a bare wing. This results
in a substantial decrease in � utter speed critical for survivability
against antiaircraft guns. Although passive methods, such as struc-
tural and mass balance techniques,have claimed to alleviate � utter,
the associated added weight generally results in decreased aircraft
performance.Moreover, the requirementon the aircraft to carry sev-
eral combinations of stores makes its implementation practically
impossible. The use of semiactive control technology suggested in
the past also has its own disadvantages. In particular, the use of
hydraulically actuated ailerons for control of store-induced � utter
did not gain popularitybecause of the dif� culty in the predictionof
counteractingunsteadyaerodynamicforcesproducedby the control
surfaces and insuf� cient hydraulic � ow-rate requirements. In the
early 1980s, a novel semipassive approach of using a soft-spring
pivot mechanism for isolating the wing torsion mode from store
pitch inertia effects was experimentally proven to be successful in
alleviating � utter. The objective of the current research is to inves-
tigate the feasibility of robustifying the decoupler pylon-mounted
system using active control technology. Instead of a passive de-
coupler pylon, a piezoelectricwafer actuator, consisting of a series
of thin circular plates with piezoceramics laminated to its opposite
sides, is proposed for use as an active decoupling tie between the
wing and the store. The major use of a piezoceramic actuator con-
trolled system is the solution it provides to the time-delay problems
imposed by hydraulic actuators. Although active control technol-
ogy also has weight penalties due to actuator mass and electronic
hardware, the � exibility it offers in addressing robustness issues via
modern dynamic feedback controllers places it at an advantageous
position relative to passive methods.

During combat maneuvers of a military aircraft carrying under-
wing stores, many criticalparameters change,which affects the per-
formance of the system and which sometimes may lead to � utter. A
particular combat situation is when the aircraft ejects stores (mis-
siles). This is frequently accompanied by simultaneous changes in
some or all parameters, such as radius of gyration, location of store
centerof gravity,aerodynamiccenterposition,etc.An adaptivecon-
trol algorithm is implemented to study whether the online estima-
tion/ control scheme works well for the present wing/store model.
The adaptive controller is designed at subcritical � utter speed with
the objective of investigating whether any increase in performance
and/or robustness is achieved in the presence of modeling uncer-
tainties, when the system is subjected to sudden change in mass
parameter value.

408



GADE AND INMAN 409

Background and Motivation
Flutter can be alleviated by conventional passive schemes or by

the more advancedactive approaches.Passive methods typically in-
cludeadding mass ballast, relocatingstore location spanwise and/or
chordwise, or tuning the pylon stiffness characteristics.1¡3 These
methods, however, are generally tailored to a speci� c con� guration
and fail to accommodate different store mass and location combi-
nations.

Active methods, on the other hand, are relatively more � exible
and require mere change of control law to accommodate different
store combinations. One of the earliest known works on the feasi-
bility of using active control for wing/store � utter suppression was
reported by Triplett4 in 1972. His analytical study of an F-4 Phan-
tom aircraft wing/store con� guration involved de� ecting ailerons
in a manner to produce aerodynamic forces that opposed the � ut-
ter causing aerodynamic forces. A number of other investigators
made important contributionsto the � eld of active wing/store � utter
suppression.5;6 In 1979, Harvey et al.7 investigated the feasibility
of using adaptive control for wing/store � utter suppressionwith the
Triplett4 approach.Some researchers8;9 proposeda slightlymodi� ed
version that involved feeding back signals from the accelerometers
at the fore and aft end of the store to electro–hydraulic actuators to
drive vanes attached to the forward part of the store. The de� ected
vanes generated counteracting aerodynamic forces that stabilized
the store pitch motion. Hönlinger and Destuynder10 used a linear
quadratic regulator (LQR) control law to test the described proce-
dure on a Phantom F-4F wing/store con� guration.The effectiveness
of these methods,however,dependedlargelyon the accurateknowl-
edgeof counteractingunsteadyaerodynamicforces producedby the
control surfaces. This poses a particular problem especially in the
transonic range, where the theoretical predictions of the unsteady
aerodynamiccoef� cients of the control surfaces are least reliable.11

Triplett’s feasibilitystudy4 in 1972gained interest in the aeronau-
tical community and was soon followed by an Air Force contract
to evaluate the ability of a single wing/store � utter control scheme
that would be robust to several different store con� gurations.12 In-
stead of using the control surface’s unsteadyaerodynamicsas in the
earlier active methods, Triplett and his colleaguesproposed to use a
hydraulic actuator to decouple the store vibratory motion from that
of the wing. Although the dynamic behavior of this scheme worked
quite well in restoring bare wing � utter speed, the actuator’s inabil-
ity to meet high-� ow-rate requirements for the control of higher
frequency perturbations restricted its practical implementation.

Instead of looking at actuating control surfaces for wing/store
� utter suppression,Reed et al.11 in 1980 argued that the issue should
be addressed by looking at the more fundamental cause of � utter,
i.e., the coupling between the bending and torsional mode of the
wing/store system. They proposed a modi� ed version of the earlier
approach.Insteadof usinga hydraulicactuatoras a load carryingtie,
a passive soft-spring/damper combination was used together with a
low-power active control system to maintain store alignment.

Their idea is based on the argument that, instead of mod-
ifying the aerodynamic forces, the frequencies associated with
� utter critical bending and torsion modes can be separated by
making the wing insensitive to store pitch inertia and can even-
tually alleviate the adverse coupling to a higher � utter speed. Some
researchers13¡17 analyzed this concept and successfully demon-
strated its use in wing/store bending–torsion � utter suppression.
The bending– torsion � utter involves coupling or the coalescence
of bending and torsion mode frequencies as the � utter speed is ap-
proached. The frequencies at zero airspeed are those due to the
undamped inertially coupled bending and torsion motions. These
are slightly reduced from their natural values due to the apparent
additionalmass term associatedwith the noncirculatorycomponent
of the aerodynamic loads. Because the decoupler pylon isolates the
wing from the in� uence of store pitch inertia, the wing torsion fre-
quency with the decoupled store is substantially higher than that
for the wing with the rigidly attached store. As the � ight speed
is increased, the bending branch frequency remains approximately
equal to its ground frequency, while torsion branch frequency de-
creases from its decoupled ground frequency to a frequency where
both branches comes close to one another. These branches do not,

Fig. 1 Wing/store piezostrut arrangement.

however, coalescebecauseof the presenceof aerodynamicdamping
present in the system.

The design of a decoupler pylon-mounted store consists of a
pitch-pivot mechanism near the fore end that allows the store to
pitch relative to the wing surface. Near the aft end, a soft spring is
used to decouple the in� uence of store pitch inertia on wing tor-
sion modes. A low-frequency feedback control is used to prevent
large static de� ections and maintain alignment. The result is a sub-
stantial increase in � utter speed, well beyond that of the bare wing.
Based on a feasibility study,18 a decoupler pylon was fabricated by
Clayton et al.19 and was later successfully implemented on an F-16
aircraft to increase the � utter speed. Instead of using passive soft-
spring/damper elements as in Ref. 11 to demonstrate the concept,
the currentapproachproposesan activedecouplerpylon for the con-
trol of wing/store � utter suppression.The proposed active isolation
scheme, shown in Fig. 1, serves two purposes.First, it decouples the
wing dynamics from the store pitch inertia effects, a primary source
forbending– torsion� utter in wingwith externalstores.Second,with
the aid of a robust controller, it acts as an actuator that stabilizesand
maintains the performancecharacteristicsof the closed-loopsystem
in the face of uncertaintiesat � utter speed.The active pylon consists
of a strut with series of thin circular plates laminated on opposite
faces with piezoceramicmaterial.The poled directionsof the piezo-
ceramics are aligned so that a voltage (control input) applied across
the element contracts on one side and expands on the other. The
plate bending is then translated into an axial motion along the strut.
The piezostrut is designed such that its equivalent stiffness satis� es
the criterionof Reed et al.11 of a soft spring system for isolationpur-
poses, i.e., the store pitch to wing bending frequency ratio should
always be less than 1 for effective store � utter alleviation.The nov-
elty in this approachis the use of the strutas both a passive isolatoras
well as an active actuator to maintain stabilityand performance.The
current active concept has two major advantagesover other passive
schemes.11;18;19 Not only does the active decoupler make the sys-
tem more robust to variousuncertainties,20 but it also has signi� cant
weight bene� ts because it does away with all of the hardware that is
requiredwith pneumatic springs and hydraulicdashpots.Moreover,
compared to that of a hydraulic actuator, the wafer actuator’s faster
time response to input command signals makes it suitable for the
store � utter suppression problem.

It is proposed that this device will represent a signi� cant im-
provement in the much needed stroke length requirement over the
traditional stack actuator,21 which has been shown to fail in provid-
ing the much needed stroke length for restoring the bare wing � utter
speed. Moreover, these actuators typically fail in tensionbecauseof
the brittle nature of the piezoceramic materials. On the other hand,
the current bender-element-type actuator, initially fabricated and
designed22 for use in a large � exible structure, behaves the same
both in tension and in compression.Several issues pertaining to the
actuator are yet to be quanti� ed, such as actuatordynamics, its time
response to input command signals relative to hydraulic actuators,
stroke length capability over traditional stack actuators, and power
requirements. At the time of writing this paper, the dynamics of
the actuatorhad not yet been identi� ed and, hence, are not included.
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Fig. 2 Schematic of a thin airfoil and decoupler pylon-mounted store.

Therefore, the approach taken here is to lump the actuatordynamics
into the uncertainty model.

Plant Description
The analytical model is restricted to a typical section of a thin

airfoil with an underwing external store in two-dimensional incom-
pressible� ow.The typicalsection,togetherwith thedecouplerpylon
and the store, is shown in Fig. 2. The plunging or bendingmotion of
the entire airfoil/store combination togetherwith pitch angles of the
lifting surface, ®, and of the store, µ , measured relative to the un-
deformed wing constitute the three degrees of freedom of the
wing/store model. Linear and torsional springs at the elastic center
are used to model the restrainingforcesgeneratedby the verticaland
angulardisplacementsof theairfoil,whereasrestraintto thepitching
motion of the store is provided by the decoupler pylon mechanism.
Standard sign conventionsare used in which the plunging displace-
ment is measured positivedownward,whereas a nose-uppositionof
the structure implies a positive pitching angle. The total lift on the
airfoil is de� ned positive up, whereas the pitching moment of the
entire airfoil about the one-quarter-chordlength point is positive in
the nose-up sense. Assuming no structural damping, the equations
of motion in the Laplace domain are given by

Mss
2 C Ks q.s/ D

¡La

Ma

0

C
Qh

Q®

Qµ

(1)

where

q.s/ D fh=b ® µ gT

is a vector of generalized coordinates in which the plunge motion
h of the airfoil is nondimensionalizedby its semichord length b to
enable easy comparison with the pitching motions. The left-hand
side of Eq. (1) consists of the mass and elastic terms of the airfoil,
the actuator, and the attached store, and are given as

Ms D
¹w C ¹s C ¹a ¹w x® C ¹s.xµ ¡ `2/ C ¹a`1 ¹s xµ C 1

2 ¹a`1

¹w x® C ¹s.xµ ¡ `2/ C ¹a`1 ¹wr 2
® C ¹s r 2

µ C `2
2 ¡ 2xµ `2 C ¹a`2

1 ¹s r 2
µ ¡ xµ `2 C 1

2 ¹a`2
1

¹s xµ C 1
2
¹a`1 ¹s r 2

µ
¡ xµ `2 C 1

2
¹a`2

1 ¹sr 2
µ

C 1
3
¹a`2

1

(2)

Ks D
¹w!2

h 0 0

0 ¹wr 2
®!2

® 0

0 0 ¹sr 2
µ !2

µ

where ¹w D mw=¼½b2; ¹s D m s=¼½b2, and ¹a D ma`a=¼½b2 are
the virtual masses of the wing, the store, and the actuator, respec-
tively. The terms on the right-hand side of Eq. (1) correspond to
the aerodynamics identi� ed as the lift La and the moment Ma . A
method for calculating the aerodynamic loads due to simple har-
monic oscillations of a wing section in incompressible � ow was

� rst given by Theodorsen.23 The theory was then extended to arbi-
trary motions by Edwards.24 His generalizedunsteadyaerodynamic
theory divides the aerodynamic loads into noncirculatory and cir-
culatory parts and are expressed in Laplace domain as

¡La

Ma

0

D ¡s2Mnc ¡ sCnc

noncirculatory

C T .Ns/.sCc C Kc/

circulatory

q.s/ (3)

where Mnc and Cnc are apparent additional mass and damping ma-
trices due to noncirculatory oscillations of the aerodynamic loads
given by

Mnc D
1 ¡a 0

¡a a2 C 1
8 0

0 0 0

; Cnc D
U

b

0 1 0

0 1
8

¡ a 0

0 0 0

(4)

Matrices Cc and Kc correspond to the circulatory part, which are
further subdivided into

T .Ns/[sCc C Kc] D T .Ns/R[sS2 C S1] (5)

where

R D
¡2

2.a C 0:5/

0

; S1 D [0 1 0]

S2 D [1 0:5 ¡ a 0]

In Eq. (5), T .Ns/ is the complex Theodorsen function, where Ns D
b!i=U is a Laplace operator associated with nondimensional time
Ut=b. The effects of aerodynamics on the store are, however, ne-
glected to make the analysis simpler. With the aid of multivariable
robust control techniques, the in� uence of unmodeled dynamics
on the stability and nominal performance of the wing/store � utter
suppression system are evaluated in the following. The complete
equation of motions is recast into the form

Ms s
2 C Ks q.s/

D ¡s2Mnc ¡ sCnc

noncirculatory

C T .Ns/R.sS2 C S1/

circulatory

q.s/ C Hu.s/ (6)

where the term u is the actuator input (control moment to the store)
acting through the input matrix H D [0 0 1]T due to the com-
ponents of the generalized actuator forces and moments Qh ; Q® ,

and Qµ given in Eq. (1). To complete the model in the Laplace
domain, Jones’s25 second-orderrational approximation to the com-
plex Theodorsen function is used and is given by

T .Ns/ D
0:5.sb=U /2 C 0:2808.sb=U / C 0:01365

.sb=U /2 C 0:3455.sb=U / C 0:01365
(7)
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A nonunique state-space representation of Jones’s approximation
for unsteady circulatory aerodynamic loads can be obtained as

A2 B2

C2 D2

D
¡0:3.U=b/ 0 ¡1:2650.U=b/

0 ¡0:0455.U=b/ ¡0:4927.U=b/

¡0:0799 ¡0:0151 0:5

(8)

The state-space representation of the structural equations and non-
circulatory components of the aerodynamic loads is given as

A1 B1

C1 D1

D
0 I 0

¡.Ms C Mnc/
¡1 Ks ¡.Ms C Mnc/

¡1Cnc .Ms C Mnc/
¡1 R

.U=b/2S1 .U=b/S2 0

(9)

From Eq. (8) it is evident that the circulatory aerodynamic loads
introducetwo additionalstates, called the aerodynamiclags (x1 , x2 ),
which increase the total number of states to eight. The state-space
representationof the augmented system is given by

Px D Ax C Bu C C w
(10)

y D Cx C Du

where

x D fh=b ® µ Ph=b P® Pµ x1 x2gT

and

A B

C T D
D

A1 C B1D2C1 B1C2 B0

B2C1 A2 0

E 0 0

where B0 D [0 .Ms C Mnc/
¡1H]T and E D [0 .Ms C Mnc/

¡1F]T .
The three primary outputs of interest are the plunging motion h, the
wing pitch ®, and the store pitch angle µ .

Uncertainty Representation
The dynamics of any physicalsystem can never be capturedcom-

pletely by mathematicalmodels. There are always errors associated
with the approximationsmade during the modeling process. These
approximations are made either because of the lack of complete
knowledge of the system or because of the dif� culty in modeling.
For instance, the plant described in the preceding section does not
includeactuatordynamics,and aeroloadson the store are neglected.
These imprecisions in high-frequencydynamics are termed as un-
structured uncertainties that generally result in an underestimation
of the system order. Some of the other examples of unstructured
uncertainties for the wing/store � utter problem are the errors from
ignoring rigid-body modes of the aircraft.

Uncertainties can also be parametric in nature, where the param-
eters � uctuate slowly between known values. These low-frequency
perturbations are called structured uncertainties. In the case of
wing/store � utter problem, they are common in situations of com-
bat when center of gravity location and radius of gyration of the
store vary with various rigid-body maneuvers. Hence, during the
design of an appropriate controller, the robustness of the closed-
loop system in the face of these uncertaintiesand maintenanceof its
nominal performance are, therefore, the primary objectives of any
control strategy.

In robustcontrolliterature,the mathematicalrepresentationof un-
certaintiescausedby suchunintentionalexclusionof high-frequency
dynamics generally takes many forms,26 of which the most com-
monly used is the multiplicative uncertainty model. Depending on
where the errors are re� ected with respect to the plant, they are fur-
ther classi� ed into input and outputmultiplicativeuncertainties.In a
narrow sense, using these equivalent input and output multiplicative

uncertainties implies an imperfect set of actuators and sensors, re-
spectively. In a broader sense, any plant uncertaintycan be referred
to by its input or output. This is because the source of unstructured
uncertaintiesis not generallyknown, and thereforean equivalent in-
put or output uncertainty can be used to characterize the total plant
uncertainty.

If 1m.s/ represents a proper and stable approximation transfer
function error, then the plant transfer function [Q.s/] from u to y1

(Fig. 3) perturbed with an input multiplicativeuncertaintymodel is
given by

Q¤.s/ D Q.s/[1 C 1m .s/] (11)

For simulation and analysis purposes, an approximate model of
uncertainty is constructed based on the error from neglecting store
aerodynamics.

It is derived based on the argument that had the store aero-
dynamics been included, then the circulatoryaerodynamicsof wing
and store combination [as opposed to that of the wing alone as in
Eq. (5)] can be approximatedby Eq. (5), with the exception that the
Jones’s rational function be replaced by some similar transfer func-
tion that closely captures the circulatory effects due to wing/store
combination aerodynamics. In other words, the uncertainty in store
aerodynamics is re� ected on to the uncertainty in Jones’s rational
function approximation.For simulationpurposes, it is assumed that
the Jones’s approximation[T .Ns/] be replacedwith a similar rational
approximation [T ¤.Ns/], whose frequency response characteristics
are shown in Fig. 4, where

T ¤.Ns/ D 0:5.sb=U /2 C 0:3398.sb=U / C 0:013627
.sb=U /2 C 0:3455.sb=U / C 0:01365

(12)

Fig. 3 Block diagram of active � utter suppression.

Fig. 4 Jones’s approximations.
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It is assumed that the majorityof the differencesbetween the magni-
tudesoccur in the mid- to high-frequencyrange. It is to be noted that
T ¤.Ns/ is picked only for simulationpurposesand lacks any physical
backing.However, the motivatingargumentstill remainsvalid.That
is, some other rational functionmay replace the Jones’s approxima-
tion that closely represents the circulatory aeroloads around wing–

store combination. The aim here is to construct an approximate
uncertainty model 1m.s/ to re� ect the error in store aerodynamics
that is later used to perturb the closed-loopsystem to evaluate for its
robustness to modeling limitations. The following details the con-
struction of an uncertainty model 1m .s/ from the block diagram
shown in Fig. 3.

This block diagram reiterates that � utter is a self-excited phe-
nomenon occurring primarily due to the circulatory aerodynamic
loads being regeneratively fed back into the system. Using the
Jones’s approximation to the Theodorsen’s function, the transfer
function from u to y1 can be represented as

Q.s/ D C1.sI ¡ A1/
¡1B0

1 ¡ C1.sI ¡ A1/¡1B1T .Ns/

D
N0.s/=M.s/

1 ¡ T .Ns/N1.s/=M.s/
(13)

Let the actual plant’s transfer function (obtained by using approxi-
mations like those of Jones) be given by

Q¤.s/ D C1.sI ¡ A1/¡1B0

1 ¡ C1.sI ¡ A1/¡1B1T ¤.Ns/

D
N0.s/=M .s/

1 ¡ T ¤.Ns/N1.s/=M.s/
(14)

Using the input multiplicative uncertainty, the true plant can be
expressed in terms of the nominal plant as

N0.s/

M .s/ ¡ N1.s/T ¤.Ns/
D

N0.s/

M .s/ ¡ N1.s/T .Ns/
[1 C 1m .s/] (15)

The uncertainty model 1m.s/ can now be written as

1m .s/ D
N1.s/[T ¤.Ns/ ¡ T .Ns/]
M .s/ ¡ N1.s/T ¤.Ns/

(16)

which remains the same when an output multiplicative uncertainty
model is considered. Because the control theory26 requires that
1m .s/ be stable, the uncertaintymodel is designed at a � ight speed
of 0:9U f , which is in the subcritical � utter region.

Robust Self-Tuning Regulator
In this work, a continuous-time nonlinear indirect autoadaptive

feedbackcontrol design is undertakenfor the performanceenhance-
ment and stability robusti� cation of the wing/store � utter suppres-
sion problem. It is assumed that controller parameters and con-
trol law are designed based on estimated plant (linear) parameters
de� ned by the polynomial coef� cients of the single-input/single-
output system (Fig. 3). This type of adaptive control method is also
known as a self-tuning regulator technique. An adaptive law based
on the gradientmethod is used for parameterestimationand is mod-
i� ed with the algorithms of leakage and dynamic normalization to
robustifythe adaptation.The reader is referredto Refs. 27 and 28 for
excellent discussion and analytical proofs on these modi� cations.

Plant Parametrization
With the output taken to be a linear combination of the three

primary degrees of freedom equally weighted, the system is repre-
sented in a transfer function form as

y D
Z

R
.1 C 1m /u

D
b6s6 C b5s5 C ¢ ¢ ¢ C b1s C b0

s8 C a7s7 C ¢ ¢ ¢ C a1s C a0
.1 C 1m /u (17)

which has a relative degree of 2. A common approach to represent
such single-input/single-outputmodel for parameter estimation and

control applications is the linear parametrization form, where the
unknown parameters are separated from the available signals and
expressed as

s8

3.s/
y D [b6; b5; : : : ; b0; a7; : : : ; a1; a0]

®T
i .s/

3.s/
u; ¡

®T
i .s/

3.s/
y

C
[b6; b5; : : : ; b0]®T

i ¡ 1.s/

3.s/
1m .s/u (18)

where 3.s/ D .s C ¸ f /
8; ¸ f > 0, and ®T

i .s/ D [si ; s i¡1; : : : ; 1],
i D 7. Here an eighth-order stable � lter 1=3.s/ is introduced to
avoid the use of derivatives of the only available signals, u and y.
In notational form, Eq. (18) is written as

z D ÃT Á C ´ (19)

where the signal z constitutes the eighth derivative of the output
� ltered by .s C ¸ f /

8, Ã is a vector of all unknown parameters, Á
consists of all measurable signals, and ´ is the disturbanceterm due
to modeling error.

Dynamic Normalization
In this modi� cation, the input and output signals are normalized

via the normalized estimation error27 de� ned as

² D .z ¡ Oz/=m2 (20)

where m2 D 1 C n2
s and n2

s D mn is the dynamic normalizing signal
designed so that Á=m and the modeling error term ´=m is always
bounded. This allows the designer the freedom of not having the
plant input signal bounded a priori. The normalizing signal is gen-
erated from the differential equation

Pmn D ¡±0mn C u2 C y2; mn.0/ D 0 (21)

Another advantageof normalizationis that the unboundedmodeling
error term can be considered as a bounded input disturbance to
the adaptive law for which an adaptive control law can then be
designedand analyzedat relativeease.Applyinggradientmethodon
an instantaneousquadratic cost function J .Ã/ D .z ¡ Ã T Á/2=2m2,
the minimizing trajectorygoverningthe adaptivelaw is generatedby

PÃ D C ²Á (22)

where C D C T > 0 is the adaptation gain or the weighting matrix
used to control the rate of convergenceof various parameters.

Leakage
In the absence of a persistently exciting signal, a bounded input

disturbance, such as the one due to the normalized modeling error,
may generally cause parameter estimates to drift to in� nity with
time. Moreover in the presence of an adaptive control law, high-
gain feedback generally excites unmodeled dynamics and leads to
unbounded plant states. Increasing the adaptation gain C too much
also causes excitation of the high-frequencyunmodeled dynamics.
To avoid parameter drift and high-gain instability, the original inte-
grator in the adaptation law of Eq. (22) is modi� ed27 to include an
additional term giving it the property of a low-pass � lter:

PÃ D C ²Á ¡ C wÃ (23)

The idea of modifyingthe adaptivelaw is to make the time derivative
of the Lyapunov function (used to analyze the adaptive scheme)
negativewheneverparameterestimatesexceedscertainbounds.The
choice of w is governed by a continuous switching-¾ modi� cation

w.t/ D ¾s D

0 if jÃ.t/j < M0

¾0
jÃ.t/j

M0
¡ 1 if M0 · jÃ.t/j · 2M0

¾0 if jÃ.t/j > 2M0
(24)

where ¾0 > 0 is a small constant and M0 is an upper bound for
the unknowns jÃj. The idea behind the switching algorithm is that
whenever estimated parameters exceed a certain bound dictated by
M0 , the pure integral is convertedto a leakyone, and if the estimated
parameters are within the threshold bound, then the switching is
turned off.



GADE AND INMAN 413

Linear Quadratic Adaptive Controller
Here an adaptive LQR design with an on-line state observer is

used for the control law. At each frozen time t , the information
from the output, input, and the estimated parameters generated by
the adaptive law are used for the purpose.The certaintyequivalence
approach is assumed wherein the unknown polynomial coef� cients
are replacedby their estimates. Using the famous separationprinci-
ple, these estimated parameters are then used to solve the algebraic
Riccati equation (ARE) online and for the design of a full-order
Luenberger observer, independently.

Because this is a regulator problem, the state-spacerealization in
the observer canonical form is given by

POe D OA Oe C OBu ¡ OK0.CT Oe ¡ y/ (25)

where

OA D

¡ Oa7 1 0 ¢ ¢ ¢ ¢ ¢ ¢ 0

¡ Oa6 0 1 ¢ ¢ ¢ ¢ ¢ ¢ 0
:::

:::
:::

: : :
:::

:::

¡ Oa0 0 0 ¢ ¢ ¢ ¢ ¢ ¢ 1

; OB D

0
Ob6
:::

Ob0

C D [1 0 ¢ ¢ ¢ 0] (26)

where Oe is the state of the full-order observer, and the control law
is given by u D ¡ OKc Oe, where the feedback gain OKc is obtained by
solving the ARE

OAT P C P OA ¡ P OBR¡1
c

OBT P C CCT D 0 (27)

pointwise in time as and when the parameters are estimated. For
faster estimation, the eigenvalues of observer dynamics OA ¡ OK0CT

are placed 3 to 5 times farther to the left of those of OA ¡ OKc
OB.

In the given adaptive optimal pole-placement feedback law, the
stabilizability of the pair . OA; OB/ cannot always be guaranteed at
each frozen time t. This problem arises because there is no way to
avoid the cancellation of right-half plane poles and zeros without
any additional modi� cations. One of the approaches suggested27

involvesconstructinga convex set of all unknown parameters2 <2n

such that the absolute value of the determinant of the Sylvester
matrix of estimated polynomial coef� cients is always greater than
a certain known a priori lower bound. Knowledge of such a known
convex bounded set for higher-order plants is dif� cult to construct
and is rather a strong assumption. In this work, the stabilizabilityof
. OA; OB/ is assumed 8t ¸ 0, and the simulation studies presented also
validate this assumption.

Simulation Results
The parametersused to approximatelyrepresentthoseof the F-16

aircraft wing/store model with the GBU-8/B weapon system19 and
that are used for the current simulation are ½ D 0:008256 slug/ft3,
ms D 1027:6 kg (2265 lb), x® b D 0:178 m (7.04 in.), mw D 5:3ms ,
xµ b D 0, ma`a D 13:61 kg (30 lb), `1b D 0:223 m (8.8 in.), r® b D
0:635 m (25 in.), `2b D 0:223 m (8.8 in.), rµ b D 0:830 m (32.7 in.),
ab D ¡0:1702 m (¡6:68 in.), b D 1:12 m (44 in.), !h D 24:5 rad/s,
!µ =!h D 0:55, and !®=!h D 1:27. Reference 20 presents some of
the open-loop responses illustrating the effectiveness of the de-
coupler pylon-mounted wing/store � utter suppression system. The
open-loop � utter speed with the cited values is found to occur at
U=b D 170 s¡1 for the decoupler case, U=b D 127 s¡1 for the rigid
case, and U=b D 148 s¡1 for the cleanwing (without any store). This
represents a 14.86% increase in � utter speed with the decouplerpy-
lon over that of a bare wing and a 33.86% increase over the rigidly
attached case.

In the algorithmgiven in an earlier section, the values assigned to
the design variables are the adaptation gain C D I15, the switching
parameter ¾0 D 200, the � lter parameter ¸ f D 2, the observer pole
factor ¯ D 3, and the control weighting Rc D 10. The simulation
consists of the releaseof a 500-lb-massbomb from a rack of 2265 lb
at the 20th nondimensional time unit.

Figure 5 shows the response of the store pitch angle as a func-
tion of time at U=b D 160 s¡1 . It is observed that at the instant

Fig. 5 Open- and closed-loop response of store pitch angle µ at U/b =
160 s ¡ 1 .

Fig. 6 Unstable open-loop response, µ.

Fig. 7 Estimation of parameter Ã4 = b3 = coef� cient of s3.

of store release, there is insigni� cant change in the response. This
is because the simulation ensures that the initial conditions of the
states at the 20th nondimensional time unit are the values of the
statesat the 19.9thnondimensionaltime unit (continuousevolution).
When compared to the open-loop response, the closed-loop system
demonstrates relatively faster settling time and reduced magnitude
of vibration. Note that the closed-loop response plotted in Fig. 5
is with the uncertainty model included, whereas the open-loop re-
sponse does not include the model. The response of the open-loop
with the multiplicative uncertainty model included becomes unsta-
ble (Fig. 6) as soon as the system is given a perturbation of the
earlier described nature. Also, because only a change in store mass
is considered in this analysis during the store release event, there
is hardly any observable perturbation in the closed-loop response.
In reality, sudden release of store causes simultaneous variations
in other parameters, such as center of gravity location of the store,
its radius of gyration, etc., in addition to the change in store mass.
If the nature of variations of these parameters with the change in
store mass is known, then a comprehensive analysis could perhaps
be performed to further investigate a more realistic situation.

A very obvious change is seen in the parameter estimation re-
sponse, where the estimated parameters are the coef� cients of the
numerator and denominatorpolynomials,totaling15. A representa-
tive plot of a parameter from numerator (coef� cient of s3) is shown
in Fig. 7. With the initial values for these coef� cientsbeingdifferent,
the search for the true parameters takes place, with the true param-
eters being the coef� cients corresponding to 2265-lb mass. At the
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Fig. 8 Percentage estimation error of Ã4 = b3 = coef� cient of s3.

Fig. 9 Control authority.

instant of store release, the true and unknown mass suddenly jumps
to 1765 lb. This is clear from the step change in the estimated param-
eter responseat the 20th nondimensionaltime unit.Again the search
process continues as before, as governed by the adaptation law.

Figure 8 shows the percentage error between the true unknown
parameter and the estimated parameter values corresponding to the
coef� cient shown in Fig. 7. It is observed that the percentage er-
rors are negligible, which leads to the conclusion the adaptation is
effective in estimating the unknown parameters.

The correspondingcontrol history(u D ¡ OKc Oe) is shown in Fig. 9,
where the peakvalueof the controleffort is around0.06 units.At the
instantwhen the store is released, the actuator responseshows signs
of perturbation in its simulation. This is because the control effort
is being put in to the system to estimate and control the unknown
parameters back. It remains to be seen (work in progress) whether
the peak value is within the limits of actuator saturation value. If it
is not, then the control weighting ¸ f can appropriatelybe modi� ed
to accommodate for the limitations.

Conclusions
An indirect adaptive robust control algorithm-basedcontroller is

designed for a single-input/single-outputwing/store model. The al-
gorithmconsists of an adaptivelaw that is based on gradientmethod
modi� ed (with leakage and switching-¾ algorithms) to make the
closed-loopsystem robust to modeling uncertainties and parameter
variations. The feedback control loop consists of a linear quadratic
adaptive controller that uses the estimated plant parameters to con-
struct a state observergain matrix.LQR law is then used to construct
the state feedback gain matrix adaptively.

The effectiveness of the designed adaptive controller is veri� ed
by simulating a sudden change in store mass parameter (at subcrit-
ical � utter speed) representing the real-life situation of an ejection
of a bomb out of an underwing external rack. The online estimator
performed very well in tracking the uncertainplant parameter coef-
� cients to a small percentageerror of their true value.The controller
also demonstrated an improvement in performance over the open-
loopresponsein termsof fastersettling time andsmallersteady-state
amplitude.Moreover, the presence of an input multiplicativeuncer-
tainty model had no effect on the stability of the closed-loopsystem
whereas it caused the open-loop system response to diverge. This
type of robustness is especially critical during combat maneuvers.
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